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A rapid and effective data analysis and interpretation approach is developed and
validated for simultaneous determination of the film-mass-transfer and diffusion coeffi-
cients from time-limited experimental data obtained by dissolving gas in liquids by the
pressure-decay method under isothermal conditions. Whereas previous approaches
require experimental data until equilibrium and only determine the diffusion coeffi-
cient, accurate and rapid estimation of both parameters are achieved using a shorter
set of time-limited data, thereby reducing the errors owing to swelling by significant
gas dissolution at later times. The equilibrium conditions can be predicted theoretically
stemming from an analysis of the time-limited data. This provides the estimates of the
equilibrium pressure and gas solubility. This methodology not only yields accurate pa-
rameter values, but also alleviates the sufficiently large-time collection of pressure-
decay data needed to essentially achieve equilibrium. � 2008 American Institute of

Chemical Engineers AIChE J, 55: 9–23, 2009
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Introduction

Frequently, the values of the gas film-mass-transfer and
diffusion coefficients and the equilibrium pressure and solu-
bility are required for designing of the chemical processes
involving the contact of various gases with liquids. There-
fore, accurate determination of these parameters by suitable
and practical experimental procedures is of continuing inter-
est. The outstanding approaches to experimental measure-
ments of the gas-diffusion coefficient and/or other relevant
parameters, such as the interface-mass-transfer coefficient
and the liquid swelling coefficient include the pressure decay
(PD) method,1–16 the constant pressure dissolving gas vol-
umes (CPDGV) method,17,18 the low-field nuclear magnetic

resonance (NMR) spectra change method,19,20 the X-ray
computer-assisted tomography (CAT) method,20 the gas per-
meation through an immobilized liquid membrane (ILM)
method implemented in a diffusion cell,21 and the dynamic
pendant drop volume analysis (DPDVA) method.22

Among the various approaches to experimental determina-
tion of these parameters the pressure decay (PD) method has
been the preferred approach because of its convenience, sim-
plicity, and accuracy. In this method, the decline of the gas
pressure with time is measured after certain amounts of gas
and liquid are brought into contact instantaneously in a con-
ventional pressure-volume-temperature (PVT)-cell (see Fig-
ure 1). The NMR and CAT methods are nondestructive
methods, based on the determination of the average concen-
trations of a solute (a gas or a solvent), dissolved in a liquid
contained in a PVT-cell at various times. The ILM method
utilizes the measurement of the flux of gases through an im-
mobilized liquid membrane by the pressure rise in the permea-
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meter chamber. The DPDVA method is based on the mea-
surement of the pendant drop shape at various times during a
solute dissolution into the liquid drop. Then, appropriate
phenomenological mathematical models are facilitated for
parameter estimation by fitting of the model results to ex-
perimental data.

The sensitivity of the results obtained by the PD, NMR, and
CAT methods with respect to the sample size is low, because
of the relatively large liquid volumes used in the PVT-cells.
The sensitivity of the results obtained by the DPDVA method
with respect to the sample size is very high, because of the
significantly small liquid volume contained in a pendant drop.
Therefore, the effect of swelling is amplified in the DPDVA
method particularly allowing also for determination of the liq-
uid swelling coefficient. However, the parameter estimation
quality is prone to errors because of the loss of accuracy
owing to high-sensitivity to volume of small drops, and the
requirement of the considerations for the rapidly attained noni-
deal solution conditions in the analytical interpretation meth-
ods. These errors can be conveniently avoided in the PVT
measurements if an early data analysis interpretation method is
used, as described in this study, so that the dissolved gas con-
centration is still sufficiently low to justify the ideal solution
behavior and negligible swelling effects assumptions. The sen-
sitivity of the results obtained by the ILM method is in
between because the amount of liquid that a porous membrane
can hold is much larger than the pendant drop-size, and much
smaller than the liquid capacity of a PVT-cell.

There are several motivations for this study dealing with
an improvement on the analysis and interpretation of the data
obtained by the pressure decline method. First, although this
experimental procedure is straightforward and practical, the
accuracy of the late pressure data collected is prone to errors
owing to high-pressure gas leaks when experiments have to
be run over sufficiently long periods of time, usually in the
order of two months, in order to apply data interpretation
methods requiring the measurement of the gas pressure at
equilibrium. Further, the accuracy of the estimated parameter
values may be subjected to the effect of higher concentra-
tions of the dissolved gas in the liquid phase, because the
available interpretation methods consider dilute solutions,

and, therefore, neglect the effects of the liquid swelling and
gas concentration on the diffusion coefficient. Second, the
majority of the previous analytical data interpretation meth-
ods4,5,6,7,19,20,21 involve the application of rather simplified
models for estimation of the gas diffusion coefficient. The
interpretation method presented by Yang and Gu22 is a very
tedious finite-element numerical solution approach, which is
subject to significant errors owing to the sensitivity of the
results to the small pendant drop-size and rapidly attained
nonideal solution behavior. Third, most methods determine
the gas diffusion coefficient and ignore the determination of
the film-mass-transfer coefficient. A discussion of relevant
issues can be found in Tharanivasan et al.9 and Civan and
Rasmussen.13–16

The choice of the gas/liquid interface boundary condition
for the diffusing gas component has varied with the different
researchers and affected the quality of the resulting data
interpretation methods. Tharanivasan et al.9 emphasized that
the proper choice of the boundary and gas/liquid interface
conditions can be instrumental in accurately determining the
parameters of gas diffusion in liquids. Sheikha et al.10–12 and
Jamialahmadi et al.18 considered a thermodynamic equilib-
rium at the interface between the gas and liquid phases. Con-
sequently, applying the film theory, the equilibrium dissolved
gas concentration in the liquid phase near the interface corre-
sponding to the gas pressure in the gas phase was considered
as the boundary condition. Jamialahmadi et al.18 measured
their experimental data while maintaining the applied gas
pressure constant above the liquid phase. Hence, their inter-
face boundary condition is simple; dictating that the dis-
solved gas concentration near the interface remains constant
at the saturation value. However, Sheikha et al.10–12 ex-
pressed this relationship according to the Henry’s law in
interpretation of the pressure decay data, the application of
which is limited to ideal dilute solution conditions. Further,
the interface boundary condition derived by Sheikha et al.10–12

by combining the gas phase mass balance with the Henry’s
law neglects the variation of the volume of the gas phase by
swelling of the liquid phase owing to gas dissolution, and the
term involving the partial derivative of the real gas deviation
factor with respect to pressure (See Appendix A). Neverthe-
less, the swelling effect may be neglected for their experimen-
tal conditions, but the variation of the real gas deviation factor
may not be negligible. The nonequilibrium boundary condition
used by Civan and Rasmussen,16 frequently referred to as the
Robin condition, may conveniently alleviate the difficulties
associated with the aforementioned interface boundary condi-
tions because it is generally applicable regardless of the vary-
ing conditions of the interface.

This article presents a convenient modification to the data
interpretation method proposed by Civan and Rasmussen13–16

so that it can be applied for rapid and accurate determination
of the gas diffusion and film-mass-transfer coefficients using
only the time-limited data, independent of any a priori esti-
mate of the equilibrium conditions. This eliminates the effect
of the inaccuracies of the late-time data due to possible gas
leaks and liquid swelling during the laboratory tests con-
ducted until equilibrium is approached. The validity of the
new method is demonstrated by comparing the new parame-
ter values with those obtained with the previous methods. In
addition, a new analytical procedure is provided to obtain the

Figure 1. Schematic PVT-cell used for measurement of
gas diffusivity in liquids.
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estimates of the equilibrium pressure and gas solubility with-
out needing to run tests until equilibrium.

Formulation for Analysis of Pressure
Decay Tests

Figure 1 depicts the schematic PVT cell used for the iso-
thermal pressure-decline method. The mass lost in a gaseous
region in an isothermal quasi-equilibrium pressure-decay pro-
cess is equal to the mass gained in an adjacent liquid region
undergoing a quasi-equilibrium isothermal diffusion process.
The mass is transferred across a gas-liquid interface surface.
It is assumed that the total amount of gas lost or gained in
these processes is small compared to the amount of liquid
that absorbs it, and thus that the change in volume in each of
the two regions is negligible (See Appendix A).

Gas Dissolution in the liquid phase

We model the liquid region as a cylinder having a cross-
section area A, and length L, and x and t represent the dis-
tance from the original gas-liquid interface and the time. Let
co, c, and c* denote the initial, instantaneous, and equilibrium
mass densities for the gas in the liquid-gas mixture (solution)
region, and let D represent the gas-liquid diffusion coefficient
(taken as a constant). Then the dimensionless gas concentra-
tion, distance, and time are defined as

cD ¼ c� co
c� � co

(1)

xD ¼ x

L
(2)

tD ¼ Dt

L2
(3)

The gas concentration is governed by the classical diffu-
sion equation

@cD
@tD

¼ @2cD

@xD
2
; 0 � xD � 1; tD > 0 (4)

with the initial condition

cD ¼ 0; 0 � xD � 1; tD ¼ 0 (5)

and the boundary conditions

� @cD
@xD

¼ kDð1� cDÞ; xD ¼ 0; tD > 0 (6)

@cD
@xD

¼ 0; xD ¼ 1; tD > 0 (7)

The parameter kD is the mass-transfer Biot number, given
by

kD � kL=D (8)

where k is the interface film mass-transfer coefficient that is
a model parameter.

The total mass of gas transferred to the liquid region by
diffusion at any instant of time is given by

Dm ¼ AL

Z 1

0

ðc� coÞdxD ¼ ALðc� � coÞQDðtDÞ (9)

where QD(tD) is the nondimensional mass-accumulation func-
tion, which is also equal to the volumetric average of
cD(xD,tD) in the liquid phase, given by

QDðtDÞ �
Z 1

0

cDðxD; tDÞdxD (10)

Pressure decline in the gas phase

Now consider the changes that occur in the gaseous region
of a PVT-cell due to a change in pressure under isothermal
conditions. The relation between the pressure p, volume V,
mass m, and temperature T of a gas in state of equilibrium is
given by the thermal equation of state

pV ¼ m
<
M

� �
TZðp; TÞ (11)

where R is the universal gas constant, M is the molecular
weight of the gas, and Z(p,T) is an empirical function of
pressure and temperature called the real-gas deviation factor.
The initial volume of the gaseous region is

Vo ¼ AH (12)

where A is the cross-sectional area of the PVT-cell, and H is
the thickness of the gas region.

We now suppose that the changes in the gaseous region
are constrained by the diffusion processes across the gas-liq-
uid interface to be so slow and weak that the state of the gas
during the change does not differ from local equilibrium. For
such a quasi-equilibrium and isothermal process, the decrease
in the amount of mass in the region is determined by simply
the decrease from an initial pressure po to an instantaneous
pressure p, consistent with Eq. 11 and assuming negligible
volume changes

Dm ¼ MVo

<T
po
Zo

� p

Z

� �
¼ mo

po
Zo
� p

Z

h i
po
Zo

(13)

where Zo : Z(po,T), and mo is the initial amount of the gas.
Setting the mass lost by the gaseous region (Eq. 13) equal to
the mass gained by the liquid region (Eq. 9) yields

QDðtDÞ ¼ MH

<TLðc� � coÞ
po
Zo

� pðtÞ
Z

� �
(14)

This is the fundamental equation pertaining to the pres-
sure-decay method of data analysis. A useful alternative form
can be found by noting that equilibrium obtains as tD ? 1
in which case QD ? 1, and p ? p*, and Eq. 14 takes the
form

1 ¼ MH

<TLðc� � coÞ
po
Zo

� p�

Z�

� �
(15)
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This is essentially a relation between the equilibrium pres-
sure and the equilibrium concentration. Dividing Eq. 14 by
Eq. 15 gives

QDðtDÞ ¼
po
Zo
� pðtÞ

Z
po
Zo
� p�

Z�
(16)

Suppose that the pressure ratio on the right side of Eq. 16
is a measured function of time, and that the mass-accumula-
tion QD(tD) is a known function of time stemming from a so-
lution of the theoretical diffusion problem with arbitrary dif-
fusion coefficient D, and interface mass-transfer coefficient k.
Then D and k can be determined by a suitable fitting of the
theoretical curves with the experimental data subject to Eq.
16, with the physical time taken as the common factor. The
trouble with this scenario is that generally the equilibrium
pressure p* has not been adequately determined. Strictly, p*

is the value of the pressure as tD ? 1. Thus, for real sets of
data taken over finite periods of time, p* must be found by
some extrapolation method or another. Because of this diffi-
culty, as well as others associated with very long acquisition
times, we consider an alternative approach.

Let us select a late-time data point, supported by a large
confidence level, say p 5 pR at t 5 tR, to be used as a refer-
ence point. Let all the data that occur before or equal to the
time tR be referred to as the time-limited set of data. At the
reference point we have, from Eq. 16

QDðtDRÞ ¼
po
Zo
� pR

ZR
po
Zo
� p�

Z�
(17)

Now all the time-limited data can be renormalized by
dividing Eq. 16 by Eq. 17

QRðtD; tDRÞ � QDðtDÞ
QDðtDRÞ ¼

po
Zo
� pðtÞ

Z
po
Zo
� pR

ZR

(18)

The best estimate values of the diffusion coefficient D,
and the film mass-transfer coefficient k, are, thus, determined
by substituting the analytical solution of Eqs. 4–7 for QD(tD)
and QD(tDR

), and the experimentally measured pressure val-
ues at various times, as described in subsequent sections.

Basic solutions for the diffusion problem

An exact solution of Eqs. 4–7 for cD obtained by a Fou-
rier-series analysis when the length L is finite was given by
Walas.23 When this solution is substituted into Eq. 10 for
QD, and the integration carried out, the result is

QDðtDÞ ¼ 1� 4
X1
m¼1

sin2km
km½2km þ sinð2kmÞ� e

�k2mtD (19)

where km denotes the roots of the eigenvalue equation

ktank ¼ kDðkÞ (20)

The complete infinite-series satisfies the relation QD (0) 5 0.
When the nondimensional time tD is sufficiently large,

only the first term in the Fourier series is important, and the
corresponding result is called the long-time approximation

QLT
D ðtD; kÞ ¼ 1� Q1ðkÞe�k2tD (21)

where

Q1ðkÞ � 4sin2k
k½2kþ sinð2kÞ� (22)

The parameter is the lowest positive root (0 � k � p/2) of
Eq. 20. It is interesting and useful to note that taking the nat-
ural logarithm of Eq. 21 leads to the result

lnð1� QLT
D ðtD; kÞÞ ¼ lnðQ1ðkÞÞ � k2tD (23)

Thus, plotting the natural logarithm of (1 2 QLT
D (tD;k))

against tD produces a straight-line with both the y-axis inter-
cept, and the slope of the line determined by the value of k.

The short-time approximation is obtained by applying the
semi-infinite (L ? 1) solution given by Crank24 to Eq. 10
as follows

QST
D ðtD;kÞ ¼ 1

kD
expðk2DtDÞerfcðkD

ffiffiffiffiffi
tD

p Þ� 1þ 2kD

ffiffiffiffiffi
tD
p

r" #
(24)

where kD(k). is given by the same eigenvalue equation (Eq.
20) as before. Note when the mass-transfer Biot number is
very large kD ? 1, corresponding to k going to its upper
limit k ? p/2, and with tD held fixed, that Eq. 24 reduces to

QST
D tD;

p
2

� �
¼ 2

ffiffiffiffiffi
tD
p

r
(25)

This is the result that would have been obtained if the
Dirichlet condition cD 5 1 had been imposed as the interface
boundary condition at xD 5 0. On the other hand, when kD is
held fixed, the short-time solution, Eq. 24, itself has two time
ranges embedded within it that are of interest. For very small
times, Eq. 24 can be expanded for small z ¼ kD

ffiffiffiffiffi
tD

p
to obtain

QST
D ðtDÞ ffi 1

kD
z2 � 4

3
ffiffiffi
p

p z3 þ z4

2
� 8

15
ffiffiffi
p

p z5
�

þ z6

6
� 16

105
ffiffiffi
p

p z7 þ :::

�
; z ! 0 ð26Þ

Thus, for finite kD, when QD is plotted against
ffiffiffiffiffi
tD

p
, the

initial slope is always zero.
When tD is allowed to become large, that is tD ? 1, then

Eq. 24 for the short-time behavior approaches the asymptote

QST
DaðtD; kÞ ¼ 2

ffiffiffiffiffi
tD
p

r
� 1

kD
;

ffiffiffiffiffi
tD

p ! 1 (27)

In practice, the large-time behavior of the short-time
approximation applies to some mid-range of the overall time
variation. Thus, when QD is plotted against

ffiffiffiffiffi
tD

p
, we might

expect some mid-range portion of the curve to be nearly par-
allel to, or almost coincident with, the straight-line asymptote
given by Eq. 27.
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Data Interpretation and Parameter
Estimation Procedure

The objective of this article is to interpret experimental
data and infer from it the values of the diffusion coefficient
D, and the interface mass-transfer coefficient k. When a
given set of data is plotted on one coordinate vs. another, the
nature of the coordinates can make a difference on the
insight that the plot provides. To accomplish this objective,
we wish to use the short-time approximation by Eq. 24 to-
gether with the long-time approximations, either in the form
of Eq. 21, or in its counterpart logarithmic form of Eq. 23,
to analyze data generated over the whole time range in the
form of QD vs. time t stemming from the pressure decline
relation Eq. 16. The coordinates of the crossover (CO)
points, that is, the intersection of the short- and long-time
curves, are shown in Figure 2. The reason this is possible is
that, whereas the short-time approximation is basically valid
for short times, but fails for very large times, and because
the long-time approximation is basically valid for long times,

but fails for very small times, they share a common interme-
diate-time overlap region in which they are both valid (Civan
and Rasmussen13–16) (See Figures 3 through 5). In QD vs.ffiffiffiffiffi
tD

p
plots, this overlap region is asymptotic to, and nearly

coincides with, the straight-line given by Eq. 27 for values
of k � 1.35, as exemplified by Figure 3. For, k\ 1.35, how-
ever, the asymptote is approached too slowly to adequately
represent the overlap region, as shown in Figure 4 for k 5 1.
Plots of QD vs.

ffiffiffiffiffi
tD

p
, emphasize the short time. On the other

hand, plots of In(1 2 QD) vs. tD or log(1 2 QD) vs. tD
emphasize the long time (Figure 5). The long-time approxi-
mation Eq. 23 is characterized by a straight line on the semi-
log plots. Note that QD varies between zero and unity as tD
goes from zero to infinity.

It is important to note that the experimental data are plot-
ted as a function of the real time t, and not the nondimen-
sional time tD. Thus, in the theoretical formulas we must
make the substitution

Figure 2. Coordinates for the crossover point for the
long-time and short-time approximations.

Figure 3. Example showing long-time and short-time
approximations for QD vs.

ffiffiffiffiffi
tD

p
and k 5 1.35.

Figure 4. Example showing long-time and short-time
approximations for QD vs.

ffiffiffiffiffi
tD

p
and k 5 1.

Figure 5. Example showing long-time and short-time
approximations on semi-log plot ln(1 2 QD)
vs tD for k 5 1.35.
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tD ¼ t

tC
(28)

where the coefficient tC is a characteristic time, and is given
by

tc ¼ L2

D
(29)

Thus, the theoretical formulas cannot be plotted against
the experimental data unless tC is specified arbitrarily or
developed by some systematic means. In this regard, it is
appropriate to express the short-time and long-time approxi-
mations Eqs. 24, 21, and 23 functionally as

QST
D ðt; tC; kÞ ¼ QST

D

t

tC
; k

� �
(30)

QLT
D ðt; tC; kÞ ¼ QLT

D

t

tC
; k

� �
(31)

LSTðt; tC; kÞ � ln 1� QST
D

� 	
(32)

LLTðt; tC; kÞ � lnð1� QLT
D Þ ¼ ln½Q1ðkÞ� � k2

tC
t (33)

For the purposes of data analysis, these functions now
depend on the physical time t and two parameters tC and k.

Determination of tC and k for a given set of data and
given equilibrium pressure

Now suppose that the data are given at n discrete points
designated by i going from 0 to (n 2 1), with i 5 0 repre-
senting the first nonzero time point. After plotting the data
vs.

ffiffi
t

p
and on the semilog plots, that is, QDi vs.

ffiffiffi
ti

p
and Li

: ln(1 2 QDi
) vs. ti, pick a point im that separates the short-

time data from the long-time data (a point near the crossover
(CO) point or the intersection of the short- and long-time
curves, say), and form the following squared-error functions

ESTðtC; k; imÞ ¼
Xim
i¼0

QDi
� QST

D

ti
tC
; k

� �� �2

(34)

ELTðtC; k; imÞ ¼
Xn�1

i¼im

QDi
� QLT

D

ti
tC
; k

� �� �2

(35)

EðtC; k; imÞ ¼ ESTðtC; k; imÞ þ ELTðtC; k; imÞ (36)

Equation 34 represents the total squared error between the
short-time data points and the short-time function (Eq. 24)
for arbitrary values of tC and k, and Eq. 35 represents the
corresponding total squared error between the long-time data
points and the long-time function (Eq. 21). Equation 36 rep-
resents the total squared error over the whole range of data
plotted as QD vs.

ffiffi
t

p
for arbitrary values of tC and k. For the

semilog plots, we have correspondingly

EST
L ðtC; k; imÞ ¼

Xim
i¼0

Li � LST
ti
tC
; k

� �� �2

(37)

ELT
L ðtC; k; imÞ ¼

Xn�1

i¼im

Li � LLTð ti
tC
; kÞ

� �2

(38)

ELðtC; k; imÞ ¼ EST
L ðtC; k; imÞ þ ELT

L ðtC; k; imÞ (39)

The best-estimate values for the two parameters tC and k
for a given set of data are determined by the least-squares
regression of the theoretical curves to the data (See Chapra
and Canale25) to minimize the function E(tC,k;im) defined by
Eq. 36 for the QD vs.

ffiffi
t

p
plots, or for the function EL(tC,k;im)

defined by Eq. 39, representing the semilog plots.
Note that the natural logarithm of the long-time approxi-

mation as it appears in Eq. 33 leads to a straight line when
the natural logarithm ln(1 2 QLT

D ) is identified with the y-
axis, and the time t is identified with the x-axis

lnð1� QLT
D Þ ¼ �aLT � bLTt (40)

where the coefficients 2aLT and 2bLT are the values of the
y-axis intercept, and the slope that render the total squared
error ELT

L (Eq. 38) a minimum. The negative signs are
inserted in anticipation that the intercept, and the slope will
always be negative (See Figure 5). A comparison of this
result with Eq. 33 leads to the following identification

aLT ¼ �ln½Q1ðkÞ� (41)

bLT ¼ k2

tC
(42)

Thus, the parameter k is determined implicitly entirely in
terms of the value of the y-axis intercept, which enables the
mass-transfer Biot number kD to be determined from Eq. 20.
Equation 42 shows that the characteristic time tC is inversely
proportional to the slope and is determined by

tC ¼ k2

bLT
(43)

This in turn allows the diffusion coefficient to be deter-
mined by means of Eq. 29

D ¼ L2

tC
¼ L2

k2
bLT (44)

The diffusion coefficient is inversely proportional to the
characteristic time and proportional to the slope of the line.
Finally, the interface mass-transfer coefficient k is determined
by Eq. 8 as

k ¼ D

L
kD (45)

If the value of the equilibrium pressure p* appearing in
Eq.16, which is the fundamental basis for the forgoing analy-
sis, was obtained very accurately, and if there were no exper-
imental error in the data, and no scatter; in other words, if
the data were perfect, then a regression analysis of the short-
time data by means of Eq. 37 would yield essentially the
same results. However, various factors (Civan and Rasmus-
sen16) and the mixing induced by natural convection in both
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the gas and liquid phases may introduce some errors. See
Appendix B for estimation of error.

It is possible under restrictive conditions to obtain analytic
results for the short-time data. When it is taken into account
that Eq. 27 for the long-time asymptote for the short-time
behavior gives a straight line when plotted against

ffiffi
t

p
, then a

regression analysis of the function

EST
a ðtC; k; imÞ ¼

Xim
i¼io

QDi
� QST

Da

ti
tC
; k

� �� �2

(46)

leads to a straight line of the form

QST
Da ¼ �aST þ bST

ffiffi
t

p
(47)

where the intercept and the slope are identified as

aST ¼ 1

kD
(48)

bST ¼ 2ffiffiffiffiffiffiffi
ptC

p (49)

It follows that

kD ¼ 1

aST
(50)

tC ¼ 4

pb2ST
(51)

Now k can be determined implicitly from Eq. 20, and the
diffusion coefficient D is determined again by means of Eq.
29

D ¼ pL2bST
2

4
(52)

Finally, the interface mass-transfer coefficient k can be cal-
culated from Eq. 8 as

k ¼ D

L
kD ¼ D

LaST
(53)

Using the aforementioned results for the short-time asymp-
tote can produce reasonable approximations for k and tC only
when the asymptote provides a reasonable approximation to
the short-time approximation itself in the vicinity of the
crossover (CO) point. This is arguably true for the case of
k 5 1.35 shown in Figure 3, but not true for the case of k 5
1 shown in Figure 4. Notice also that some of the data points
that lie close to the origin should be excluded from the sum-
mation indicated in Eq. 46, because in general the straight
line does not pass though the origin. The symbol io repre-
sents the first data point to be included. This correlation of
the data represents the midrange straight-line character on a
plot of QD vs.

ffiffi
t

p
, valid when k � 1.35.

The values of tC and k so determined by the aforemen-
tioned methods depend on the choice of im, that is, how the
data field was separated into parts that represent early-time
and late-time behaviors. The squared-error functions
ELT
L (tC,k;im) and EST

a (tC,k;im) were minimized holding im

fixed. The whole procedure should be repeated for different
values of im until the least value of each of the squared-error
functions is found, those providing the trio of values for tC,k,
and im sought after. The value of im should correspond
closely to the crossover point.

Apart from the subjective nature of obtaining a good value
for the equilibrium pressure, by a manual extrapolation from
the long-time data, say, the subjective nature and other diffi-
culties associated with using only parts of the data field to
obtain values of k and tC (and, thus, D and k) that presum-
ably hold for the whole data field shed doubt on results
(Civan and Rasmussen16).

Determination of tC and k for a given set of data by
means of a specified end-point

Let us now return to Eq. 17 and assume that the chosen
reference point QD(tDR), where tDR : tR/tC, is located well
within the long-time description zone, such that, QD(tDR) 5
QLT

D (tDR;k), and, thus, that

QDðtDR; kÞ ¼ 1� Q1ðkÞe�k2tDR (54)

Now Eq. 17 can be expressed as

1� Q1ðkÞe�k2tDR ¼
po
Zo
� pR

ZR
po
Zo
� p�

Z�
(55)

This equation allows the equilibrium pressure p* to be
determined in terms of the reference pressure pR, and the ref-
erence time tR after k and tC have been calculated by a suita-
ble regression analysis. Then, the equilibrium solubility c*

can be calculated by means of Eq. 15.
The time-limited diffusion function QR(tD), defined by

Eq. 18, can now be expressed functionally as

QRðtD; k; tDRÞ � QDðtDÞ
QDðtDR; kÞ ¼

QDðtDÞ
1� Q1ðkÞe�k2tDR

(56)

The large-time approximation is

QLT
R ðtD; k; tDRÞ ¼ QLT

D ðtD; kÞ
1� Q1ðkÞe�k2tDR

¼ 1� Q1ðkÞe�k2tD

1� Q1ðkÞe�k2tDR

¼ 1� Q�
1ðk; tDRÞe�k2tD 1� e�k2ðtDR�tDÞ

1� e�k2tDR

 !

(57)

where

Q�
1ðk; tDRÞ �

Q1ðkÞð1� e�k2tDRÞ
1� Q1ðkÞe�k2tDR

(58)

Notice that QLT
R (tD;k,tDR) ? 1 as tD ? tDR (or t ? tR).

Thus, this formulation is valid when t � tR, or, in terms of
the nondimensional variables, when tD � tDR, and, therefore,
referred to as the time-limited formulation. When, tDR ? 1,
then QLT

R (tD;k,tDR) ? QLT
D (tD;k), and the time-limited results

reduce to the previous results where the equilibrium pressure
was specified. The time-limited function QR varies from zero
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to unity as the time goes from zero to tR. The natural loga-
rithm rendition of Eq. 57 is

lnð1� QLT
R ðtD; k; tDRÞÞ ¼ lnQ�

1ðk; tDRÞ � k2tD

þ ln
1� e�k2ðtDR�tDÞ

1� e�k2tDR

 !
(59)

An example of a semilog plot for this function is shown in
Figure 6 for k 5 1.50 and tDR 5 1. In this case, Eq. 59 does
not generate a straight line and is, in fact, singular at tD 5
tDR 5 1. The last term in Eq. 59 describes the deviation
from a straight line, and the first describes the y-axis inter-
cept. Note that Q�

1(k,tDR)�Q1(k) because Q1 � 1. The inter-
cept is displaced downward slightly from the case where
tDR ? 1.

It is interesting to note that the third term on the right
side of Eq. 59 behaves as 2e2k2tDRk2tD/(1 2e2k2tDR) as tD ?
0. Thus when tD is small, Eq. 59 behaves as the straight line

lnð1� QLT
R ðtD; k; tDRÞÞa ¼ lnQ�

1ðk; tDRÞ �
k2

1� e�k2tDR
tD ;

tD ! 0 ð60Þ
This equation is the small-time asymptote for the large-

time approximation, and is shown as the dashed line in Fig-
ure 6. Compare this result with the long-time approximation
given by Eq. 23. When expressed as a function of the physi-
cal time, Eq. 60 takes the straight-line form

lnð1� QLT
R ðtD; k; tDRÞÞa ¼ �aRLT � bRLTt (61)

where

aRLT � �lnQ�
1ðk; tDRÞ (62)

and

bRLT � k2

tCð1� e�k2tDRÞ (63)

are the y-axis intercept and the slope of the line. These
expressions are the time-limited counterparts to Eqs. 40, 41,
and 42. The slope of the straight line in the time-limited for-
mulation, Eq. 63, is somewhat greater than the corresponding
slope, Eq. 42.

The small-time behavior for the time-limited formulation
is determined by

QST
R ðtD; k; tDRÞ ¼ QST

D ðtD; kÞ
1� Q1ðkÞe�k2tDR

(64)

where the short-time function QST
D (tD;k) is given by Eq. 24.

The straight-line asymptote for this relation is

QST
Ra ¼ �aRST þ bRST

ffiffi
t

p
(65)

where the intercept and the slope are now

aRST ¼ 1

kD 1� Q1ðkÞe�k2
tR
tC

h i (66)

bRST ¼ 2ffiffiffiffiffiffiffi
ptC

p
1� Q1ðkÞe�k2

tR
tC

h i (67)

The ratio is given by

aRST
bRST

¼
ffiffiffiffiffiffiffi
ptC

p
2kD

¼
ffiffiffiffiffiffiffi
ptC

p
2ktank

(68)

We can solve Eq. 68 for tC, substitute back into Eq. 66,
and obtain a single equation for k.

The small-time and large-time approximations depend on
the dimensionless time tD, and the two parameters k and tDR.
From the point of view of data analysis, however, they
depend on the real time t, and the three parameters k, tC and
tR by means of the following functional relations

QST
R ðt; tC; k; tRÞ ¼ QST

R ð t
tC
; k;

tR
tC
Þ (69)

QLT
R ðt; tC; k; tRÞ ¼ QLT

R ð t
tC
; k;

tR
tC
Þ (70)

In analogy with Eqs. 34, 35, and 36, we form the follow-
ing squared-error relations

EST
R ðtC; k; tR; imÞ ¼

Xim
i¼0

QRi
� QST

R ð ti
tC
; k;

tR
tC
Þ

� �2

(71)

ELT
R ðtC; k; tR; imÞ ¼

Xn�1

i¼im

QRi
� QLT

R ð ti
tC
; k;

tR
tC
Þ

� �2

(72)

ERðtc; k; tR; imÞ ¼ EST
R ðtc; k; tR; imÞ þ ELT

R ðtc; k; tR; imÞ (73)

These are the expressions that will be used to obtain a
best fit of the theoretical curves with the experimental data

Figure 6. Example showing time-limited large-time
approximation on semi-log plot for k 5 1.35
and tDR 5 2.
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by means of a formal regression analysis. The corresponding
expressions associated with the time-limited semilog plots,
analogous to Eqs. 37–39, are not listed here because they are
not used, in favor of Eqs. 71–73.

Applications to Gas Diffusion Tests

The input data consists from the fluid data and pressure
decay data. The fluid data includes the solute type, such as
CH4 or CO2, the solvent type, such as water or oil, the
heights of liquid and gas columns in the PVT cell L and H,
and the temperature of the system T, assumed to be main-
tained constant in this study. The pressure decay data are the
pressure values measured at various times, i.e., pi vs. ti for
i 5 1, 2, . . .. . .n-data points, obtained during the isothermal
pressure decay tests. The data used here for illustration pur-
poses were extracted from various publications by first scan-
ning and then digitizing the reported data in the form of
plots. Hence, this process might have introduced some inher-
ent errors in the data obtained this way in addition to the
errors involved in the measurement of the experimental data.
The reference value of the gas pressure was taken as the last
value measured in the pressure decay tests. The real gas
deviation factor Z was predicted according to Peress.26

Analysis of the data of Sachs

This modeling approach neglected the effect of swelling
considering that the gas-liquid solution is dilute, and, there-
fore, behaves as an ideal solution during the time-limited
tests. In fact, based on the experimental data provided by
Sachs5 for the CH4-water system, the percentages of the ini-
tial mass of gas dissolved over the periods of the complete
tests are only 0.74% for the tests ran at 258C and 2.6% for
408C. These findings justify the validity of the assumptions
made for the development and applicability of this model.

A set of 13 discrete data points, representing the time-lim-
ited (tR 5 39.9 days) description of Sachs5 408C data, is

plotted vs.
ffiffi
t

p
in Figure 7, and as a semilog plot in Figure 8.

The theoretical curves were calculated using the values k 5
1.5625 and tC 5 159 days obtained from a regression analy-
sis using Eq. 73. The result of determining the least value of
ER is shown in Figure 9, where ER is plotted as a function of
tC for three separate values of k, with the middle value pro-
viding the smallest value of ER, all at a fixed value of im, in
this case for im 5 9. The regression analysis involves making
several figures akin to Figure 9, but for different values of
im. On one of these graphs, the curve for the middle value of
k will contain the smallest value of ER, located at the lowest
point on the curve, out of all the similar values of ER per-
taining to all the other curves for various fixed values of k,
and pertaining to the other graphs having fixed values of im.
This pertinent graph is shown here as Figure 9, and the
circled dot on the middle curve for k provides the values of
k and tC together with the value of im 5 9 that renders ER a
minimum. A summary of the pertinent results of the regres-
sion analysis, plus the values of the pertinent parameters

Figure 7. Results of regression analysis showing corre-
lation of Sachs5 408C data with time-limited
theory: tR 5 39.9 days; k 5 1.5625, tC 5 159
days.

Figure 8. Results of regression analysis for Sachs5

408C data shown on semilog plot for time-
limited formulation: tR 5 39.9 days; k 5
1.5625, tC 5 159 days.

Figure 9. Results of regression analysis showing mini-
mum squared error for Sachs5 408C data.
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associated with the experimental setup; along with values of
the diffusion and film mass-transfer coefficients gleaned from
them, is given in Table 1.

The corresponding results for Sachs5 258C data are shown
in Figures 10, 11, and 12. These results are based on the
time-limited formulation (tR 5 5.04 days) of the set of 14
discrete data points, with the theoretical curves fitted to the
data using the values k5p/2, tC 5 18.97 days, and im 5 10
stemming from a regression analysis using Eq. 73. For this
case, the early-time data in Figure 10 are fitted by a straight
line passing through the origin (k 5 p/2), which, as it turns
out, provides a good fit for nearly all the data. This is veri-

fied also by Figure 11. The fact that k 5 p/2 is a limiting
value for k is demonstrated also by the results of the regres-
sion analysis shown in Figure 12. The best estimate parame-
ter values yielding the best fit of the experimental data are
reported in Table 1.

Analysis of the data of Sheikha et al.

The next two sets of figures (Figures 13–15 and 16–18)
analyze the data used by Sheikha et al.10 for the CO2 - bitu-
men system at 758C. Twenty-two data points were used, with
tR 5 41.32 h. The first case (Figures 13, 14, and 15) is for
the initial pressure taken to be po 5 4.00 MPa. The theoreti-

Table 1. Parameters of the Gas Diffusion Tests

Parameters Sachs5 Sachs5
Sheikha et al.10

Method #1
Sheikha et al.10

Method #2

Solute CH4 CH4 CO2 CO2

Solvent Water Water Bitumen Bitumen
Solvent height L, m 0.048 0.189* 0.0101 0.0101
Gas height H, m Not given Not given 0.0199 0.0199
Initial solute concentration

in solvent co, kg/m
3

0.0 0.0 0.0 0.0

Temperature T, oC 25 40 75 75
Initial pressure po, MPa 8.16 7.98 4.00 4.00 (3.95)**
Eigenvalue k, dimensionless p/2 1.5625 p/2 1.5192
Characteristic time tC 18.97 days 159 days 56.3 hours 57.9 hours
End-point reference time tR 5.04 days 39.9 days 41.324 hours 41.324 hours
Reported diffusion coefficient for the

solute-solvent system D, m2/s
1.4 3 10–9 2.6 3 10–9 5.08 3 10–10 4.64 3 10–10

Present diffusion coefficient for the
solute-solvent system D, m2/s

1.406 3 10–9 2.6 3 10–9 5.033 3 10–10 4.894 3 10–10

Present interface mass transfer
coefficient k, m/s

Infinity 2.59 3 10–6 Infinity 1.426 3 10–6

Mass-transfer Biot number kD, dimensionless Infinity 188.3 Infinity 29.42
Reported equilibrium pressure p*, MPa 8.10*** 7.77*** 3.24 3.24
Present equilibrium pressure p*, MPa 8.05 7.79 3.13 3.13
Present equilibrium solubility c*, kg/m3 Insufficient data Insufficient data 34.30 33.37
Coefficient of regression R2 0.999938 0.993995 0.999142 0.999927

*Value not given and therefore estimated to match the diffusion coefficient value reported by Sachs.5

**Present results only.
***Approximated by extrapolation.

Figure 10. Results of regression analysis showing cor-
relation of Sachs5 258C data with time-
limited theory: tR 5 5.04 days; k 5 p/2, tC 5
18.97 days.

Figure 11. Results of regression analysis for Sachs5

258C data shown on semilog plot for time-
limited formulation: tR 5 5.04 days; k 5 p/2,
tC 5 18.27 days.
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cal curves were fitted to the data using the values k 5 p/2,
tC 5 56.3 h, and im 5 10, resulting from a regression analy-
sis using Eq. 73. The corresponding value of the diffusion
coefficient is D 5 5.033 3 10210 m2/s, which is slightly
smaller than the value D 5 5.08 3 10210 m2/s reported by
Sheikha et al.10 obtained by their graphical method #1.

It was observed during the course of this analysis that the
early-time data in Figure 13 lie above the limiting (k 5 p/2)
straight-line small-time approximation, which is inconsistent
with the underlying theory. After perusing the original pres-
sure-decay curve p 5 p(t), it was concluded that the data
could be faired back more smoothly to an initial pressure po
5 3.95 MPa, which was lower than the reported value po 5
4.00 MPa, used in the calculations. Thus, a new set of calcu-
lations was made, shown in Figures 16, 17, and 18, with a
new initial pressure taken to be po 5 3.95 MPa. A new
regression analysis yielded the values k 5 1.5192, tC 5 57.9
h, and im 5 10. The diffusion coefficient and interface mass-

transfer coefficient were found to be D 5 4.894 3 10210

m2/s and k 5 1.426 3 1026 m/s. In this case, a 1.25%
decrease in initial pressure led to a 2.17% decrease in the
diffusion coefficient. Notice also in Figure 16 the pronounced
curvature in the curve for the small-time approximation, as
well as the good correlation with the data, compared with
the corresponding straight line in Figure 13. This leads also
to the finite value of kD 5 29.42 for the new analysis.

The figure of merit for the overall quality of the fitted data
is the coefficient of regression R2 (Chapra and Canale25). It
is given in Table 1 for each of the cases considered (the
closer to unity the better).The smaller the value of ER shown
in Figures 9, 12, 15, and 18 is also indicative of the quality
of fit. The values of R2 shown in Table 1 for the four differ-
ent cases, being so close to unity, indicates that the quality
of the curve fits is very good for each. If one compares the
results of this analysis depicted by Figures 13, 14, and 15 for

Figure 12. Results of regression analysis showing mini-
mum squared error for Sachs5 258C data.

Figure 13. Results of regression analysis showing cor-
relation of Sheikha et al.10 data with time-
limited formulation for po 5 4.00 Mpa, tR 5
41.32 hours; k 5 p/2, tC 5 56.3 hours.

Figure 14. Results of regression analysis showing corre-
lation of Sheikha et al.10 data on semilog plot
with time-limited formulation for po 5 4.00
MPa, tR 5 41.32 hours; k5 p/2, tC 5 56.3 hours.

Figure 15. Results of regression analysis showing mini-
mum squared error for Sheikha et al.10 data
for po 5 4.00 MPa.
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the initial pressure po 5 4.00 MPa, with the results depicted
by Figures 16, 17, and 18 for po 5 3.95 MPa, all other given
data being equal, one finds that the fitted curve for the po 5
3.95 MPa case is the superior of the two as adjudged by the
relative values of R2, as well as the lower value of ER. Con-
sequently, the values of the diffusion coefficient D, and the
interface mass-transfer coefficient k for this case, are
regarded as the best-estimate values.

This time-limited data-reduction method allows for the
equilibrium pressure p* to be calculated. This is done by
means of Eq. 55. The equilibrium solubility c* is calculated
by means of Eq. 15. The results are shown in Table 1 for the
four cases considered, along with reported values.

Conclusions

This methodology was proven practical, yielding unique
and accurate values simultaneously for the diffusion and
interface-mass transfer coefficients, and the equilibrium pres-
sure and gas solubility. In contrast, the previous approaches
can only determine the diffusion coefficient. The parameters
calculated by previous methods may involve error when the
time required for reaching equilibrium between the gas and
liquid phases is relatively long, like several months, because
of appreciable liquid swelling by increased amount of gas
dissolution and possible gas leak from high-pressure PVT-
cells. Being able to process time-limited data, this method
may conveniently circumvent such errors.

Notation

a5 y-axis intercept of straight line
A5 cross-sectional area of the test tank, L2

b5 slope of straight line
c5gas mass concentration of the gas-liquid solution, M/L3

c*5 equilibrium solubility, M/L3

C5gas molar concentration in the liquid, Mol/L3

D5gas diffusivity in the liquid, L2/T
Do5diffusion coefficient for a nonswelling liquid, L2/T
Ds5diffusion coefficient for a swelling liquid, L2/T
E5 total squared error
H5height of the gas column, L
im5 point that separates the short-time data from the long-

time data
io5first data point to be included in the analysis
J5gas mass flux, M/L2-T
k5 interface mass-transfer coefficient, L/T

KH5Henry’s constant, L2/T2

L5height of the liquid column, L
Lo5 liquid height for a nonswelling liquid, L
Ls5 liquid height for a swelling liquid, L
m5 instantaneous amount of the gas, M
mo5 initial amount of the gas, M
M5molecular weight of gas, M/mol
p5pressure, M/L-T2

p*5 equilibrium pressure, M/L-T2

QD5 dimensionless cumulative gas mass dissolved in the liq-
uid phase, M/L2

Figure 16. Results of regression analysis showing cor-
relation of Sheikha et al.10 data with time-lim-
ited formulation for po 5 3.95 MPa, tR 5 41.32
hours; k 5 1.5192, and tC 5 57.9 hours.

Figure 17. Results of regression analysis showing cor-
relation of Sheikha et al.10 data on semilog
plot with time limited formulation for po 5
3.95 MPa.

Figure 18. Results of regression analysis showing mini-
mum squared error for Sheikha et al.10 data
for po 5 3.95 MPa.
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R25 coefficient of regression, dimensionless
R5universal gas constant, ML2/mol-h-T2

x5 distance measured from the gas-liquid interface into the
liquid phase, L

t5 time, T
T5 temperature, h
V5volume, L3

Z5 real-gas deviation factor, dimensionless

z ¼ kD
ffiffiffiffiffi
tD

p
5variable in Eq.26

Greek letters

k5 root of Eq. 20, dimensionless

Subscripts

C5 characteristic value
CO5 crossover point
D5dimensionless
g5gas

LT5 long-time
ST5 short-time
o5 initial or reference state
R5 reference measurement value

Superscripts

LT5 long-time
ST5 short-time
*5 equilibrium state
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Appendix A: Gas-Liquid Interface Boundary
Condition and Liquid Swelling

Sheikha et al.10–12 and Jamialahmadi et al.18 considered a
thermodynamic equilibrium at the interface between the gas
and liquid phases. Applying the film theory, the equilibrium
dissolved gas concentration c in the liquid phase near the
interface corresponding to the gas pressure p in the gas phase
was considered as the boundary condition. Sheikha et al.10–12

applied Henry’s law, given by

p ¼ KHc (A1)

where KH is Henry’s constant. The applicability of Eq. A1 is
limited to dilute solutions. Jamialahmadi et al.18 measured
their experimental data, while maintaining the applied gas
pressure constant above the liquid phase. Hence, their inter-
face boundary condition dictates that the dissolved gas con-
centration near the interface remains constant; i.e. c 5 ct. In
contrast, Sheikha et al.10–12 conducted their experiments by
applying the pressure decay method. Hence, the applied gas
pressure varied with time. Therefore, Eq. A1 contains two
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variables and a second equation is needed. The latter has
been obtained by incorporating the Fick’s law of diffusion
for transfer of the gas component from the gas phase to the
liquid phase at the interface into the mass balance of the gas
phase as

� dmg

dt
¼ j ¼ �DA

@c

@x






x¼0

(A2)

Thus, combining Eqs. A1, A2, and 11 leads to

DA
@c

@x






x¼0

¼ MKHcjx¼0

Z<T
dV

dt

þ VMKH

<T
1

Z
� KHcjx¼0

Z2

@Z

@p

� �
T

� �
dcjx¼0

dt
ðA3Þ

Sheikha et al.10–12 neglected the variation of the volume of
the gas phase by swelling of the liquid phase owing to gas
dissolution, and the term involving the partial derivative of
the real gas deviation factor with respect to pressure. The
nonequilibrium boundary condition (Eq. 6) used in this study
conveniently alleviates these problems.

The measurements by Yang and Gu22 indicated less than
11% increase in the liquid volumes measured at 4.0 MPa
during the dissolution of carbon dioxide in heavy oil. Jamia-
lahmadi et al.18 observed a rapid and large increase in the
liquid volume by swelling at elevated pressures. For exam-
ple, the height of the liquid column increased by 22% at 24
MPa (3,500 psia) during dissolution of methane in dodecane
in a very long time period of 90 h. In contrast, the fluid
height increased only by 3.7% at 6.9 MPa (1,000 psia) dur-
ing the same time period. The fluid level increase during the
experiments conducted by Sachs5 around 8.1 MPa (1,175
psia) is expected to be less than 4%. Shiflett and Yokozeki27

estimated the effect of the systematic errors owing to the var-
iation of the fluid height by gas absorption, and other factors
to be less than a factor of two in the determined value of the
diffusion coefficient. Because the diffusion coefficient relates
to the diffusion length-squared proportionally, the affect of
the variations of the liquid level by swelling may be roughly
estimated as

Ds � Do

Do
¼ Ls � Lo

Lo
þ 1:0

� �2

�1:0 (A4)

where Do and Lo denote the diffusion coefficient and the liq-
uid height for a nonswelling liquid, and Ds and Ls denote the
respective quantities for a swelling liquid. Thus, for example,
if the liquid height rises by 10% owing to swelling, then the
diffusion coefficient should increase by 21%.

Appendix B: Estimation of Error

The error in the long-time approximation that is incurred
by retaining only the leading term in the infinite series (Eq.
19), can be estimated by comparison with the result obtained
by keeping the first two terms of the series. The decimal
error can then be expressed as

errorLTðtD; kDÞ ¼ Q1ðk2Þexpð�k22tDÞ
1� Q1ðk1Þexpð�k21tDÞ

(B1)

where k1 and k2 are valid in the respective ranges of 0 � k1
� p/2 and p � k2 � 3p/2 as kD varies from zero to infinity
according to Eq. 20. Figure B1 shows the decimal error that
is incurred by using only the first term of the series, plotted
as a function of tD for values of kD 5 1, 6, and 1. The
circles on these curves indicate the location of the crossover
points (the point tD 5 tDco where QLT

D 5 QST
D for a given

value of k1 5 k1(kD)). Data for the crossover points are shown
in Figure 2. The long-time approximation for QD is valid
strictly when tD [ tDco. The error for QLT

D given by Eq. 21 is
largest at tD 5 tDco and dies out rapidly as tD increases. When
kD 5 6.015, for instance, then tDco 5 0.2645, and the decimal
error is, ErrorLT 5 0.001863, or 0.1863%. This means that
QLT

D 5 0.4430 is too large by 0.1863%. Thus, the corrected
value should be 0.4422. This difference is regarded as negligi-
ble. Although this example holds for the maximum error for
kD 5 6.015, further analysis would show that the maximum
values for arbitrary values of kD are less than or approximately
equal to the example value. On these grounds, therefore, Eq.
21 is justified as an accurate long-time approximation, having
a maximum error of less than 0.2% when tD [ tDco.

The error that is incurred in the short-time approximation
by the use of only the semi-infinite solution, Eq. 24, can be
estimated as follows. The first-order terms of the short-time
expansion for the Laplace transform of the mass-accumula-
tion function are, for the finite-volume case

Q
ST

D ðsÞ ¼ kD
s

1� e�2
ffiffi
s

p

sþ kD
ffiffi
s

p þ ðhigher� order termsÞ

¼ 1

s
ffiffi
s

p � 1

sð ffiffi
s

p þ kDÞ
� �

ð1� e�2
ffiffi
s

p
Þ þ ðh:o:t:Þ

(B2)

Figure B1. Error incurred in long-time approximation
by keeping only leading term of infinite se-
ries as a function of td for kd 5 1, 6, and ‘;
the small circles indicate the location of
the crossover points.
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where s is the Laplace-transform variable. Because small
times correspond to large values of the transform variable s,
the exponential factor e�2

ffiffi
s

p
is a measure of smallness in the

expansion process. It appears in the first-order approximation
as a result of enforcing the zero mass-flux boundary condi-
tion at xD 5 1. Consequently, in the transform of the first-
order terms shown in Eq. B2, the first term in the numerator
holds for the semi-infinite case, and the exponential second
term describes the correction that accounts for the finite-vol-
ume case. The inversions of the first-order terms are readily
accomplished by means of standard Laplace-transform tables
(Churchill28), and we get

QST
D ðtDÞ ¼ ðQST

D ðtDÞÞ1 � ðQST
D ðtDÞÞDV þ ðh:o:t:Þ (B3)

where

ðQST
D ðtDÞÞ1 � 1

kD
expðk2DtDÞerfcðkD

ffiffiffiffiffi
tD

p Þ � 1þ 2kD

ffiffiffiffiffi
tD
p

r" #

(B4)
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2kD

ffiffiffiffiffi
tD
p

r
exp � 1

tD
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� ð2kD þ 1Þerfc 1ffiffiffiffiffi
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þe2kDþk2DtDerfc kD
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tD
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ðB5Þ

In the first-order short-time approximation, the decimal
error incurred by neglecting the finite-volume effects is

errorSTðtD; kDÞ ¼ ðQST
D ðtDÞÞDV

ðQST
D ðtDÞÞ1

(B6)

The decimal error incurred is plotted in Figure B2 as a
function of tD for kD 5 1, 6, and 1; the small circles indi-
cate the location of the crossover points. The short-time

approximation is valid strictly in the range 0 � tD � tDco.
Thus, for a given kD, the maximum decimal error occurs at
tDco. For kD 5 1 and kD 5 6, the maximum decimal errors
are 0.000762, or 0.0762%, and 0.001652, or 0.1657%,
respectively. For the range of kD shown in Figure B2, the
curve for kD 5 1 has the largest decimal error, which is
0.003109, or 0.3109%. These errors are so small that they
hardly make a difference in the drawn curves for QD vs. tD,
These are the grounds for which Eq. 24 has been deemed to
accurately describe the short-time behavior of QD in the
range 0 � tD � tDco.
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Figure B2. Error incurred in short-time approximation
by neglecting effects of finite volume as a
function of td for kd 5 1, 6, and ‘; the small
circles indicate the location of the cross-
over points.
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